
The definitionof the curve
G0. Recap of def's + notation from earliertalks
· E/Qp finite , Ve = ring of integers , itde uniformiser
OE/EFg (g= pf some f = 1)

· ) We fix throughout a complete , algebraically closed
non-archimedean (NA) field ext F of Fg .

We denote by vF : F -> I its valuation I
↓ If = q-Fl abs . value , Of =ExF(v=(x) =03
valuation ring and my = (xFlv(>03 maxlideal

/lWe also fix we Of a "pseudo-uniformiser,
i.e. S .t Oxi 1

F

e
. g. F= FTTH) (i .e. completion of alg . Closure)
with w= t .

· ) Ainf = Woe(O) =[ ]th/e Of Yn0]
· ) IVI = E JEA inf ideal) (inf , J)

is a perfect prism,I
5 (π)

For each yell) , we denote by Py : King the
corresponding (prime)ideal and recall that py(3)
where Ey=-[a] for some +&MF -

·] We denote by<y:= (inf/py)[]
= Frac (Ainf/py)



for each ye Y .

For Je Ainf , we then write
fly) for the image of f in Cy under the quotient
map by : / inf Ainf/py = Cy
Slogan : Elements of Ainf should be thought of as
functions on 111 .

·) For each ye /// there is a unique well-defined valuation Vy
on Cy determinedbyVy(ty([c))=V= (a) for all xec
Under different notation, this vy was constructed
in Daan's talk to prove that Cy is a NA field
extr of E

·I last time:There is a "metric" d on 141 defined by
d(y, , Y2) = Vy,(Ey, (5y ,)) ,

and we also

set d (y , 0) = vy (y() . Unpacking the def's,
and writing 3y= -[ai) (i =1 , 4) , 3y= -[a], then
&(y · Yz) = Vy,(ty,([a]

- [az])) and d(y,0= u()
Idea :I was not actually a metric, Instead
the map (y1, ye) 19

-d/y-ya) is an actual /ultrametric
(Some authors do not differentiate between norms/absolute
values and valuations

,
and here it is similar : d is a bit

like a valuation on 11)

similarly , the "distance to"should



be
g
- d(y ,a

= q-v=
(a)
= (a) (0 , 1)F

Updated slogan :The set 14 I should be thought
of as a punctured unit dish D" = (0x(x1 = 13
over some NA field K
· Ainf should be thought of as analogous to

oOITD ,

which embads into the ring ofbounde
holomorphic functions on DY

&
with i playing

the role of T (i .e . It should be thought of as a
variable ! )

51 . Heuristics for the construction
Recall : There is a bijection
UntiltadOF) 14

Ainf
(A
,
1 :AEOfKer(W(WA)

However : The LHS has a bit of redundancy
becauseif (A , 2) - Untilt(OE) then so
is (A

,4%2) for any je (and 9 = FrobeniusonO
This translates under above action to the

usual Frobenius action on Lideals of) A inf , i .e.

sending [[x] it to [i] it"
M M

Write 1Y//y for the quotient by above Frobenius
action.



Goal : Construct a scheme X whose closed points
are in natural bijection with JY1/4
Heuristic picture : Note that for yell we have
Y (3y) = i - [a9] and so d(9(y) , 0) = v= (99)

So in our distance gidly .O ,
wo

= q .u= (a)

see that I "shifts" elements of D" by raising
the radius to the power a -

A fundamental domain
should therefore look like an annulus

141
Quotient 1 YV/y&
~-

· by 4-action
identifies inner

- + outer boundaries

fund. domain "The curve is a bit like a compact
+ boundary) Riemann surface"
We alsowould like our object to look like
a ⑪" in a suitable sense. For this

,
we will :

·) construct an analogue B of "holomorphic
functions on D

"

with Frobenius action.
· Take Proj (B= as our scheme
where Bu = [11B14(1)=+13.



S2 .
The ringsBI

Dof" 1 : We let
B= inf [Fos]

=
↓ [[x] /xe FYn , eup(n) = 03(n-o

Here
, [xn]:= [t]

*[d] for d = 0 s .7. Whe

Analogy: To get all bounded hdomorphic
functions on D" from OKITD , need to
invert T (as OKID") and we (to allow bounds

Sigger than 1).
· IFor each r = O there isRecallfromtime i

f= inf(r() + rn)
·) For feAinf ,

can define Newt (f) via

&(Newt (f)) (r) = JVr(f) if =o
7- f r= 0

b
These def's extend straightforwardly to B
Def "2 : (a) For >O ,

we define the r- Gaus norm
on BO as If/r := 9

-~(f)
= sup g-rnn

(b) For I <(0 ,0) an interval I not nec . open nor
b

closed)
, we
let Bi = completion of Bw .

r
.
t
.

al

1-1p with re I.



Rmk3:·) Since ur is a valuation , we have
↓ and r > 0 .189/r= 181r · 191r forall f , g = B

Hence By is a ring.
·) We should think of By as holom. functions on
1Y
= 1 = Ty+ Y (d/y ,0 = I} · When I=[a ,6] , this

is analogous to an annulus [q= ga][D.
b

·) If In < In then id : BP-B extends by
-

of completion to B+->BI.universal properly
I"restricting to a smaller annulus")
· For Je BP , have that +v, (f) is concave
=> If a red then If1r = sup [181a , 18103
(If r = +a + 11-+) b then concave property implies
LHS = 181 · 18/t(
Hence

, if I = [a ,b) then By is the completion
b

of B w.
r . t . 11-111 := sup (1-1a , 1-1b) .

In particular , By is a Banach Algebra.
·) For gen

! I
,
have Bi= lim Bia

,b
(this is

[b]:I
in gent not Banach but instead a Frachet algebra)
A more explicit description of By in enough cases
Note : If I = [a ,b] then 118 q11== 118111 · /Ig1l= (but
no longer-in gen ? ) . By gen theory ,

it follows



↓-iT-adie completion-

that B Ri[F] where Ri=Efe/11f1= 13
(f . Appendix at endof these notes)
In gen ?, unclear how to describe RI . But

If we assume that a , b -vF (F*) then we
can

Lemma 4 : Let I= [a ,b] ? (o ,a) and suppose
3, Of s .

t. V
= (xa) = a and v= (xb) = 6 .

Then RE= Ainf[E,] and so

Bi infle,] [m]

Proof : Bydef" , IfIrE1 Af + Ainf , Fro.
-Moreover, one computes

1 =/ la = =
and

=/ =9a
=> Ainf[E,] =RI
For reverse inclusion

, pick f=]eRE
By def" of Br , 3 mos .

t..ne Of for
all n

,
and & AinfLETE]] -

f=Ex+mix)+) m



= WLOG the Teichmiller expression for f is
finite .

Then 181 ., 181b 1 imply that for each
n we have Inte . qua,ger
Thus ·

n·, . E Of An .

For n = 0
,
this implies

En]" = [xn ·x] . /Es)
n

For n= o
,
this implies
[xn]+= [xn·] . (ii)

"

Together these give Je /inf[,] as
required. B
Note : v

= /FY) = R is dense so the above

covers "most" cases of closed intervals.

S3 . Newton polygons for BI
Back to general I = ta ,b] : all vr with re I
extend toBy by continuity /e .g. Vr (f)= -loggHfIv)

bRecall : Yet Je B .
Then the map

ri- <(Newt(1)) (r)
-

is piecewise linear , concave , with integer
slopes (this held for Aing => also for Bb S
Want : Extend this toBI by taking limits



but it is not clear a prior that these properties
will still hold. Issue is also that onlyhave
ur for re I now.
Note : To see slopes are integers , note that
supkanle = 0 = v(f) = inf (v(n)+ n)n

is achieved for finitely many n's , say
nox - -- nk .

Then for Es O small enough
one has vr+<(f) = v(f) + Eno

~
r -(f) = Vr(f) - Enk

Tessentially , this holds because 3N0
-. . t

. vr (f) = min (VI(n)+ rn)
n=N

and(f) = mich(I
consequently , can define :
· & ur (f) := right derivative of S(Newt(f) atr
· & ~r (f) := left derivative of S(Newt(f)at
One has in above notation bur/f)=np and

-/f)= n,, i .e . these are integers and b.v,(1) =G(f).

significance of this notion : If X 0 is a slope
of Newt (f) then 5- v, (1) - 2+x(f) is the

-

multiplicity of X .
This is best seen by the

following picture taken from Dzoara's talk.



X1x + 01
A

X2x+ az

L

-
S

ic s - - x1
i
.e W-V

,
(f) - -+ x

,
(f) = x2- in picture
= multiplicity of 12

The key result we need is :
sevenceProph5 : Suppose (fubrois a Cauchy 9

b
in B w

.
r
.
t every 1-Ir with reI , such that

In does not tend to 0 in B1 . Then ENss0 s . t.
for every n=N and every re I ,
Vr(fn) = Vr/fN) , G+Vr(8n) =GVr(fn)

and2
-

v
, (fn) = -.ur(IN) .

Proof : We first need a weaker statement
Claim : suppose reI is s.t . Ifn r does not
tend to 0

.

Then

3NssO s
.

+ v(fn) = vr(fn),
w
+wr (fn) = 2 +vr(fn) and G-wr(fn) = 2 -ur(fN)
Fnz N.

Proof of claim : As (fn) is Cauchy and since If0
the sequence v, (fn) converges to someye
(with y = -log,(lim Ifr)).n->a

Pick Es0 and Ns0 s .t. Vr(fn) + (y -E , y +2)

for all n= .
As (In) is Cauchy ,

we may



now pick NC_Ne .t . Vr(fn-In) >y+ c for all
n= N .

As u
,
is a valuation we deduce that

~r(fn) = Vr/8N) FnzN .

Since vr/In-In)> Vr(fn) , continuity of
~ V (f) gives that for someO we have

- (fn-In) > v+ (IN) for all te (r., r +2)
This implies as above that v (In) = v (IN) for
all n?N

.
It therefore follows that
-
+ Vr(fn) = G+wr(fN)
G
- Fr (fn) = G -50 (8N)

for all nN as required.
B

Notsureweneed this
↑

We may now prove the result .WLOG In#0 An
and by assumption11In111 O so that

I
one of I8nla , Ifuls does not tend to 0. We

assume InlaT O
,
the other case being

completely similar.
Claim = = Mss0 e .+volfn)= valfm) =SER

G
+Valful = J +v. 1fm) = keXXnIM .

As r+ v
, (f) is concave , it follows

that v
= /fn) = s + k(r-a) for all =a



In port , re vr (fn) is founded above

by S:= maxIs , s + k/b- a)} on [a , DJ.
-Si(8n) is Cauchy => 3Ns M s .t 118n-full 9 I

i .e. Ur /fn' In) >S'FreI,
for all n = N.

As wr (fn) = s' this implies that vr (fn)= (f)
for all n = N. The statement about derivatives

follows exactly as in the proofof the claim.
Side comment : From assumptions , only know that
In/r> 0 for some reI , but Prop 5 implies that
this holds for every veI.

Corollary 6 : Let I = [a ,b] and O+ feBI ↑

The function I-> R , view (f) ,
is well-

defined , piecewise linear and concave with
integer slopes.
Proof : We may write f=him In for some
Cauchy Sequence (f) in Bb for 11-111-topology.
The result follows immediately from the
corresponding statement inP and Prop" 5 .

D



Def"7:) Let I = [a ,b] and Of fe B=
We define NewtI /f) to be the conver function
with =u (f) if re I2 (Newt(f)) (v) va(f)+ (r - a)b

-va(f)Jord
(uy(f) + (v- b)(v,(f) if r= b
- o I r = 0

and Newt (f) to be the subset of graph of
Newt (f) with slopes in-I (and we set
Newt

= /f) = 0 If no such slopes exist).
Finally ,

we set Newt
= (0) = 0.

· For gent I ? (0 , 0) and feBy ,
we define

Newt (f)= U
[a ,b3=

Newta
,by (f)

Rmk 8 : Suppose I = [a ,b] and Je BI
· The pointof the above construction is
that Newt(f) = Newt (g) for somege

b

(f . Prop"5) . Hence Newt(f) has finitelymany
slopes and integral break points -
·) The formula for <(Newt] (f)) is designed
to ensure that the multiplicities of the slopes
- a and- b are correct.

· As always , we have that



Newt (f) * Newt (g) =Newt (89)
for all f , ge BI -
34 .
The rings Band P

Recall : we are aiming for a space whose
points are 11/
↳ first need to consider how Frobenius
interacts with the Gaus norms.

For Je Be one has
~
r (4(f)) = sep (v= (x9) + rn)

= qvrq(f)
i
.e . (9(f)/v= (fIr

,
)9

Hence
, if I = [a , by then 4 induces a continuous

isomorphism 4 : B= B
9I

Def's : (a) Yet B : = Bro ,a -lim B
=] =10,0)

I

Taking limit of 4 :B--BqI overall I
,

one gets a continuous automorphism 4 :BB.

(b) We let P=Q B
Y = id
a X-graded ring,de

and put X = Proj(P) (the schematic FF-curve)

We first note that taking these completions of Bl
is really required in order to get an interesting P :



Semma 10 : We have (B84=9 TEfd = 0

Lo fd+ 0

Proof : ① Case d= 0 : Let f=[ e BY = 1.
Us) -N

Then [[x] " = 4 (f) = f = [ [x] it

(E) x9 =xnfn(= ) x #qXn
= fe E -

② case d + 0 : Assume fe(Bb)"=+d and let eR.
Then

a Newt(f)(x) = Newt(9(f)(x)
= Newt (nf)(x)
= Newt (f) (x -d)

(Recall that Newt (f) is the convex function lying
below [ (n ,

V
=
(x n))3ne)

=> q"Newt (f) = Newt(f)(x-ud) (n = 1 (*)

·) If do then for n o one has

Newt (f)(x-nd) = - and (*) now implies
Newt (1)(x) = 0 .

As is arbitrary , we
daduce f= 0
- If do ,

we take. 0 s .t.
Newt(f) (x0) = Newt (f) (x)

As Newt (1) is decreasing , for no we get
Newt(f) (x) = Newt(f)(x0 - nd)

=

q"Newt(f)(x) by
IgnNewt(f)()



We deduce that Newt(f) = x again and
so that f = 0
We finish by describing some elts of
P and B .

Lemma 11 : (i)Suppose that (nex is a
sequence in Fs .t . Lim (or() +nr) = a Vrso.

In1-8
Then f = [[n]# converges in B.

neX

(ii) There is a well-defined map
m = -> (Bb(y

=i

,
a+ Ja := 2 [a9"]th

neX

Proof : (i) The word's ensure that /]"I-0
as n+a for all r>o , which is all we need

for the partial seems to be couchy w.r.t all Hr
(ii) We have v (99") +hr = q"u(a) +nr + 0
as In1-a

,
so that to is well-def by(i)

Further
, Elba) = I [9q1Tth

M

= [[99m y+ -T

=#I
,

as required. I
Rmk12 : (a) It is not known whether :
·) all elements of B can be written as in (i) ;
·) elts of Bas in (i) have a unique such
expression ; or

·) elts of Bas in (i) are stable under + or



(b) We can construct more generally elts
of B4

=&
fords 0. The idea is to look for

an expression f = <[x] ith as in (i) . Since
ne Y=d4 (f) =29] it" , for this to be in B if

suffices (but maybe is not necessary) to have
·n-d =x for every ne .

Note that

for d = o wo run into a problem as for fixed
n the sequencen+ d = s,n+2 d

=19.-
could not tend to zero and so Itans it would
not converge in B (a shadow of the fact to
come thatu=n= 0 Xd = 0) .

But for d so then any tuple (-.It ma
gives a well-defined element of Bl= as
above via (H) .
Ruck 13 : It was asked during the talk
why the def"of P ,

and so of X ,
does not

depend on the choice of uniformiser I . In
their book

, Fargues & Fontaine explainthe following :
·I suppose that I' is another uniformiser of De
By Hilbert to

, zueWo()
"

-Ain s .t
e(u)=



· There is an iso B1-ye fi uf
Taking direct sum overall these

san iso of graded ringsP.P.define
=> X = Proj(P) doesn't depend on choice ofI.
Rmk 14 : It was pointed out after the talkby
Andreas that a more naive 1-dime heuristic

picture is to view a fund. Domain for 4-action on
11 asa small closed interval

,
and identifying

the bour
I dary gives a circle , i .e . aP
S Appendix
We just quickly explain the following
fact , which we implicitly applied to
(BE

,
11-111) in 52 .

Lemma : Suppose A is a ring equipped
with a norm 11-11 satisfying 11a bl1E1all . IlbII.

X

Assume that Ite A s .t
.
O : 111111 and

11-11->0 as n-> 0 .
Then a sequence (an) no

in A= (a-A) llall =13 is couchy w. r. t. 11-11

if and only if it is couchy for the-adic
topology & consequently , the completion # w. r . t

11-11 is canonically isomorphic to* [*],
where" := -adic completion.



Proof : Since 11H11 = 1 and llable Hall . IlbII , it
follows thatIt'll -> 0 as n+w and thus

that if a sequence (an)no is Cauchy w.
r
.
T

i-adic topology then it is Couchy w. r .t 11-11 .

Conversely , choose EX0 and N 0 s .
t.

11In-full = E for all nsN .
Furthermore,

using that 11-m11-0 ,
choose M maximal

E

·
.
t

. It'll = E . Then one has

11An-fN)-MI =118n-fill . 11-Mall
= E . E = 1

=> (In-In)McA and hence

InIn
M Ao

Noting that Ms-> as E-> O
,
this

shows that (f) is-adically couchy .

I


